We analyze the effects of hyperfine interactions on coherent control experiments in triple quantum dots. By exploiting Hamiltonian symmetries and the SU(3) structure of the triple-dot system under pseudo-exchange and longitudinal hyperfine couplings, we provide analytic formulae for the hyperfine decay of triple-dot Rabi and dephasing experiments.
I. INTRODUCTION
Recent experiments in triple quantum dots [1] [2] [3] show increased coherent control abilities over previous experiments in double dots [4] [5] [6] [7] [8] . In both cases, one factor limiting coherence is the hyperfine interaction to substrate nuclear spins. In this brief report, we derive simple expressions for the form of hyperfine-induced decay in simple triple-dot experiments, and indicate how these experiments may be used to elucidate the total volume of the quantum dot wavefunctions. The formalism we introduce may also impact the development of composite control sequences for mitigating hyperfine-induced pulse errors.
In our analysis, we treat the nuclei as providing classical random fields. In an applied magnetic field sufficiently large to energetically forbid electron-nuclear flipflops, the hyperfine Hamiltonian may be well approximated as H HF = j B j S z j , where S z j is the z-component of the spin operator for spin j, with S = 1/2. Here z refers to the direction of the applied magnetic field. The hyperfine fields B j are summations over all nuclear spins within each quantum dot volume, with appropriate coupling constants 8, 9 . These sums are treated as classical random variables drawn from a zero-mean Gaussian distribution of variance B 2 j = σ 2 j . The average value of σ j across three dots, which we notate σ hf , provides our scaling throughout this analysis. In real time units, σ −1 hf ∼ T * 2 ∼ 10 ns for GaAs-based dots 4,5 and about 300 ns for Si-based dots 8 . Nuclear fluctuations are driven by nuclear dipole-dipole kinetics which are very slow in comparison to typical control and measurement timescales 6 . Coherent control of the spins is achieved by pseudoexchange between dots 1 and 2, or between dots 2 and 3. Exchange operators are written in terms of spin operators as E jk = S j · S k . The exchange terms of the Hamiltonian may be modulated via voltage pulses.
Naively, the analysis of hyperfine-averaged dynamics under various exchange pulses may be performed by constructing the full Hamiltonian in an 8-dimensional basis and then averaging over the 3 independent random variables B j . Employing three symmetries, we reduce this problem to a one-dimensional integral with a good analytic approximation; the resulting expressions are then particularly useful for curve-fitting, allowing the estimation of quantum dot volumes via hyperfine parameters. 
II. SU(3) DESCRIPTION OF TRIPLE-DOT
The first important symmetry of both H HF and the exchange operators is that they all conserve the zprojection of the total angular momentum of the three spins. It follows that the Hamiltonian may be blockdiagonalized into four blocks corresponding to quantum number m z = ±3/2, ±1/2. Since current experiments initialize into a spin-singlet state, the two m z = ±3/2 states are never occupied, and hence we will discuss them no further. The remaining six states are divided into two manifolds, which we notate ⇑ and ⇓ for m z = 1/2 and m z = −1/2, respectively. We refer to this degree of freedom as a gauge qubit.
A convenient set of E 12 eigenstates in the ⇑ manifold are
The states are notated according to logical states of a qubit in a decoherence free subsystem (DFS) 10, 11 . The labels D ±1/2 , etc. are those of Refs. 1 and 2, provided here for comparison. The ⇓ manifold may be found by flipping all three spins in the ⇑ manifold. This choice of states is physically motivated by the ability to initialize into the ground state of the exchange operator E 12 by arXiv:1204.4844v1 [quant-ph] 21 Apr 2012 preparing a ground state in the (2,0,1) charge configuration, as shown in Fig. 1(a) . This ground state is chosen as logical 0. The state labeled Q has the critical feature of being fully symmetric and therefore equally unaffected by exchange on any pair of dots; this is therefore not useful for coherent control and is referred to as a "leaked" state. The other logical qubit state is the only remaining orthogonal state within the given gauge. Figure 1 (a) sketches energy levels in only one of the gauge manifolds, for simplicity; the other one possesses the same structure. We therefore drop the ⇑, ⇓ distinction from the state labels. More complete diagrams may be found in Refs. 1 and 2. On the left of this figure, corresponding to negative detuning parameter , the three dots have the (2, 0, 1) charge configuration, and as is increased, hybridization with the (1, 1, 1) charge configuration results in pseudo-exchange of magnitude J z , indicated as the energy difference between the red and blue lines, corresponding respectively to the |0 state |1 states. The states |0 , |1 , and |Q are energy eigenstates only far to the left of this energy diagram. The subscript z is chosen for J z since the Hamiltonian term J z E 12 splits the qubit states, and is therefore logically analogous to the Pauli operator σ z on the logical qubit. Far to the right of the diagram, pseudo-exchange between dots 2 and 3 has magnitude J n .
The choice of n subscript on J n is made evident by considering the group structure for a single gauge. All operations of exchange control and hyperfine drift within one gauge are described by the group SU(3). Using the states in Eq. (1) in the order given, a natural selection of generators are the Gell-Mann matrices in each basis, traditionally labeled λ j for j = 1 . . . 8. These matrices may be interpreted as raising and lowering through a triangle of basis states as diagrammed in Fig. 1(b) . The exchange operators are independent of gauge, and may be written in terms of the SU(3) generators as
where φ = 120
• . This representation makes evident the effect of each term for the DFS qubit Bloch sphere, defined by the projections to λ 1 , λ 2 , λ 3 . The λ 8 in each term commutes with these generators; it provides a relative phase to the |Q state. The E 12 term provides rotations about the λ 3 orẑ axis, and hence we ascribe it the magnitude J z . The E 23 term provides rotations about then = [sin φ, 0, cos φ] axis, and hence we ascribe it the magnitude J n . The exchange Hamiltonian H ex = J z E 12 + J n E 23 is diagonalized by the unitary U 2 (η) = exp(−iηλ 2 /2), where η = tan −1 [J n sin φ/(J n cos φ + J z )], providing the eigenstates ∆ ±1/2 and ∆ ±1/2 of Ref. 1. In our SU(3) picture, the hyperfine Hamiltonian is written
where U 7 (β) = exp(−iλ 7 β/2) for β = π − tan
• . The hyperfine differences are ∆ 12 = B 1 −B 2 , and ∆ 12 = B 3 −(B 1 +B 2 )/2. We will also use the linear combinations ∆ 23 and ∆ 23 , defined via permutation of the subscripted dot labels. These hyperfine field differences have variances and covariance
The action of these hyperfine terms can be assessed using Fig. 1(b) . First, U 7 (β) mixes the |1 ⇑ and |Q ⇑ states into T 0 12 ↑ and T
+1
12 ↓ , where |T m 12 is the J z = m projection of the J = 1 triplet for spins 1 and 2. These states are degenerate with respect to E 12 , and hence [λ 7 , E 12 ] = 0, which provides our second key symmetry allowing analytic diagonalization. Following this fixed SU(3) rotation, the hyperfine Hamiltonian is highly reminiscent of the double-dot singlet-triplet case: ∆ 12 causes onlyx-axis rotations of the double-dot singlet-triplet qubit, while ∆ 12 provides a relative phase to the polarized triplet state.
The final symmetry we employ is that the exchange interaction is independent of the two gauge manifolds, ⇑ and ⇓, while Eq. (4) exactly flips sign between them. We briefly note that this points to hyperfine decoupling schemes in which the total electron spin is rapidly flipped, perhaps with electron-spin-resonancebased π-pulses; such schemes would have no direct effect on exchange interactions. For the purposes of our present analysis, if an experiment averages over ∆ 12 and ∆ 12 , and if the probability distributions for these variables are symmetric about zero, then the average dynamics will be the same in each manifold. This allows us to drop the ⇑, ⇓ distinction and work with a single SU(3) system.
There is one further energy term in the system which we have not addressed, that of a global magnetic field, either experimentally applied or due to average hyperfine terms. A global field splits the energy of the gauge manifolds, but plays no further role; it is of course the invariance to this field and its fluctuations to which the nomenclature "decoherence-free" applies 10, 11 .
III. RABI AND DEPHASING EXPERIMENTS
The algebra we have introduced enables an analytic description of two of the simplest experiments which may be performed in a pulsed triple-dot system. In both experiments, the singlet |0 is prepared in dots 1 and 2 [see Fig. 1(a) ] with the gauge state typically random. (High magnetic-field experiments may allow for initialization into a single gauge state). For a Rabi-like experiment, a bias sweep then quickly reduces the magnitude of J z while increasing the magnitude of J n . Free evolution with J n > 0 then occurs for time t, after which J z is quickly ramped up as J n is quickly ramped down. The probability of returning to the initial singlet state is observed via Pauli blockade on the (1,1,1)/(2,0,1 ) charge transition and subsequent charge-state detection [1] [2] [3] . A dephasing experiment in a triple dot is the same experiment, except J n is chosen to be a very small value, optimally zero.
In Ref. 1, the triple-dot Hamiltonian is diagonalized for nonzero J n and J z , but with vanishing hyperfine. Here, we diagonalize for a single nonvanishing exchange term and nonvanishing hyperfine. For the experiments described, the Hamiltonian to be diagonalized is H = H hf + J n E 23 . We begin by diagonalizing E 23 via the rotation
In general, this rotation may be considered to permute the dot labels; the rotated hyperfine Hamiltonian may therefore be taken as Eq. (4) with the {1, 2} subscripts permuted to {2, 3}. Stated another way, the problem of initializing as a singlet in dots 1 and 2 and pulsing J n is equivalent to the problem of initializing as a singlet in dots 2 and 3 and pulsing J z , except that we must swap the labels of dots 1 and 3 in the hyperfine parameters. As we have seen, we may then apply U 7 (β) to block-diagonalize H, and we are left with diagonalization of a single-qubit Hamiltonian. A final λ 2 rotation by angle θ = − tan −1 ∆ 23 /J n completes the diagonalization:
We then calculate the probability P 0 (t) = | 0| e −i(Hhf+JnE23)t |0 | 2 by averaging ∆ 23 and ∆ 23 over their joint Gaussian distribution; the integral over ∆ 23 is trivial. The final result may be expressed in terms of two one-dimensional integrals over ∆ 23 as
The first integral is
where u = σ 23 t, x = ∆ 23 /σ 23 , and y = J n /σ 23 . In terms of the same variables, the second integral is where w = C 23 /σ 2 23 . These integrals resemble those occurring in the analysis of double-dot experiments 9 . Examples are plotted as the black lines in Fig. 2 .
Fortunately, the Rabi and dephasing experiments described above function in one of two limits. The Rabi experiment operates in the high y = J n /σ 23 limit. For y → ∞, I 1 → 1 and I 2 (t) → exp[−(C 23 t/σ 23 ) 2 /2] result-available from more complex pulsed experiments, such as triple-dot composite pulsing and spin-echo-like experiments. The SU(3)-based analysis we provide here may assist the analysis of hyperfine effects in these more complex experiments, as well.
